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Faculty of Physics, Warsaw University of Technology
Koszykowa 75, 00-662 Warszawa, Poland
Abstract The classical electromagnetic and gravitomagnetic fields in the vacuum,
in (3 + 2) dimensions, described by the Maxwell-Nordstro¨m equations, are quan-
tized. These equations are rederived from the field tensor which follows from a five-
dimensional form of the Dirac equation. The electromagnetic field depends on the
customary time t, and the hypothetical gravitomagnetic field depends on the second
time variable u. The total field energy is identified with the component T44 of the five-
dimensional energy-stress tensor of the electromagnetic and gravitomagnetic fields.
In the ground state, the electromagnetic field and the gravitomagnetic field energies
cancel out. The quanta of the gravitomagnetic field have spin 1.
1. Introduction
The Maxwell-Nordstro¨m equations [10] refer to pseudo-orthogonal five-
dimensional space. They were rederived [3, 4], from the iterated form of a five-
dimensional Dirac equation [5, 6, 7]. In the original Nordstro¨m theory [10],
the fifth coordinate is a real spatial coordinate. When imaginary character
is ascribed to the fifth coordinate, the Maxwell-Nordstro¨m equations describe
electromagnetic phenomena together with hypothetical gravitomagnetic phe-
nomena [4]. In that theory we are dealing with electromagnetic field and with
gravitomagnetic field. The electromagnetic waves are periodic in the customary
time variable t, while the gravitomagnetic waves are periodic in the second time
variable u [4].
The quantization of the classical Maxwell-Nordstro¨m fields can be accom-
plished in the customary way of quantizing the classical electromagnetic field,
provided that the expressions for the total field energy and field momentum
of the electromagnetic and gravitomagnetic fields are known, and that it is ac-
cepted that the respective two types of waves are periodic in two different times.
The field momentum of these two fields was already determined in [4]. The total
field energy can conveniently be determined by applying Sommerfeld’s method
[13] in the calculation of the stress-energy tensor in the Minkowski space.
We will determine the stress-energy tensor in the two flat spaces E(3, 2) and
E(4, 1). These are connected with the groups SO(3, 2) and SO(4, 1), under
which the respective Maxwell-Nordstro¨m equations are covariant [3, 4]. The
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total field energy will be identified with the respective T44 components of the
stress-energy tensor for those two cases. The result of calculation of the stress-
energy tensor plays a pivotal role for the outcome of the quantization procedure,
concerning the resultant ground-state energy of the electromagnetic and grav-
itomagnetic fields. It comes out that the signs of the two energy terms which
appear in the T44 component of the stress-energy tensor, the electromagnetic
energy and the hypothetical gravitomagnetic energy, can be the same or op-
posite. These two terms have the same sign in (4 + 1) dimensions, when the
fifth coordinate is real, and have opposite signs in (3+ 2) dimensions, when the
fifth coordinate is imaginary. In the latter case the ground-state energy of the
quantized total field vanishes.
2. The Five-dimensional Stress-Energy Tensor
For the method of determining the stress-energy tensor in (3+2) and (4+1)
dimensions. we refer to Sommerfeld [13]. All definitions of the relevant quanti-
ties and the respective equations can be specified in (3+2) or (4+1) dimensions.
The formal difference between the two cases is that the fifth coordinate and the
fifth component of the five-potential are respectively imaginary or real. We will
perform the calculations in the case of (3+2) dimensions, and next will indicate
in which way are the final results modified when (4+1)−dimensional space-time
is considered.
In (3 + 2)−dimensional pseudo-orthogonal space the coordinates of a point
are: x1, x2, x3, x4 = ict, and x5 = icu, where c denotes the speed of light in
the vacuum, and u denotes the second time coordinate. The form of x5 implies
that the speed of the gravitomagnetic waves is assumed to be equal to the speed
of light c [4]. If another speed c′ = const c were assumed in the expression for
x5, a constant factor would appear in the formulas, which is irrelevant for the
quantization of the fields, and for the cancellation of the ground-state energies
of electromagnetic and gravitomagnetic fields.
We define the five-potential, [4],
~A = (A1, A2, A3, A4, A5) =
(
Ax, Ay, Az,
i
c
φ,
i
c
m
e
χ
)
(1)
which consists of the three real components Ax, Ay, Az, which are referred to
the Cartesian system of coordinates (x1, x2, x3), and of two imaginary com-
ponents, which are proportional to a scalar electric potential φ and a scalar
gravitational potential χ. Under rotations in (3 + 2) dimensions, the compo-
nents of the five-potential ~A transform like the components of the five-vector
~x = (x1, x2, x3, x4, x5).
The respective components of the five-dimensional field tensor have the form
[4],
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∂jAk − ∂kAj = Bi, i, j, k = 1, 2, 3 (2)
∂jA4 − ∂4Aj = − i
c
Ej , j = 1, 2, 3 (3)
∂jA5 − ∂5Aj = − i
c
Gj , j = 1, 2, 3 (4)
∂4A5 − ∂5A4 = −1
c
G0 (5)
where Bi and Ej are the components of the magnetic induction and of the elec-
tric field, respectively, while Gj is proportional to the hypothetical gravitational
field G′J , [4], namely
~G =
m
e
~G′ (6)
where m denotes the rest mass and e the electric charge of an electron, and G0
is proportional to the Brans-Dicke scalar field in the Kaluza-Klein theory [11]
which here is denoted by G′0, namely [4],
G0 =
m
e
G′0 (7)
To avoid writing the factor m/e in the following formulas, we will use the sym-
bols ~G and G0.
The field six-vectors in the Minkowski space [13] are replaced in (3 + 2)
dimensions by the field ten-vectors. The field ten-vector is defined by [4],
F = (c ~B,−i ~E,−i ~G,−G0) (8)
In turn, the excitation ten-vector is defined by
f =
√
ε0
µ0
F = ( ~H,−ic ~D,−iε0c ~G,−ε0cG0) (9)
where ~B denotes the magnetic induction, ~E - the electric field, ~G = m
e
~G ′,
with ~G ′ denoting the gravitational field, and G0 =
m
e
G′0, with G
′
0 being the
counterpart of the Brans-Dicke scalar; ~H denotes the magnetic field intensity,
~D is the electric displacement, ε0 denotes the electric permeability, and µ0 the
magnetic susceptibility of the vacuum.
These two ten-vectors have the following matrix form,
F =


0 cBz −cBy −iEx −iGx
−cBz 0 cBx −iEy −iGy
cBy −cBx 0 −iEz −iGz
iEx iEy iEz 0 −G0
iGx iGy iGz G0 0

 (10)
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and
f =


0 Hz −Hy −icDx −iε0cGx
−Hz 0 Hx −icDy −iε0cGy
Hy −Hx 0 −icDz −iε0cGz
icDx icDy icDz 0 −ε0cG0
iε0cGx iε0cGy iε0cGz ε0cG0 0

 (11)
In the Minkowski subspace, the ten-vectors in Eqs. (8) and (9), and the respec-
tive matrices F and f in Eqs. (10) and (11), reduce to those given in [13].
We now define the Lagrangian density Λ in the form
Λ =
1
2c
f · F = 1
2
( ~H · ~B − ~D · ~E)− 1
2
ε0(~G
2 −G20) (12)
where the dot (·) denotes the scalar product of the two ten-vectors, F and
f defined in Eqs. (8) and (9). This Lagrangian density is invariant under the
transformations of the SO(3, 2) group, owing to the covariance under that group
of the ten-vectors appearing in the scalar product in Eq. (12).
We now observe that to obtain from the above expressions the respective
expressions when the fifth coordinate x5 is real, as it is in the original Nordstro¨m
theory [10, 3], we have to omit the factor i by the fifth component of the five-
potential in Eq. (1), and in Eqs. (8) through (12), and to replace i ~G or iGj by
~G or iGj , respectively, and G0 by iG0. In the Minkowski space, the Lagrangian
in Eq. (12) reduces to that given in [13].
Extending on five dimensions the calculations in [13], we define the stress-
energy tensor T with the components,
Tnm = −1
c
5∑
r=1
Fnrfmr + δnmΛ (13)
where Fnr and fmr are the elements of the matrices in Eqs. (10) and (11),
respectively. The tensor properties of this quantity follow from the behaviour
of the ten-vectors f and F under the (3+2)−dimensional rotations. The tensor
T is symmetric since the ten-vector f is proportional to the ten-vector F .
From Eqs.(12) and (13), we calculate the components of the stress-energy
tensor T in the form,
T11 = HxBx +DxEx − U − 1
2
ε0(~G
2 − 2G2x −G20)
T12 = HxBy +DyEx + ε0GxGy
T13 = HxBz +DxEz + ε0GxGz
T14 = − i
c
( ~E × ~H)x − iε0GxG0
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T15 = − i
c
(~G× ~H)x − iDxG0
T22 = HyBy +DyEy − U − 1
2
ε0(~G
2 − 2G2y −G20)
T23 = HyBz +DzEy + ε0GyGz
T24 = − i
c
( ~E × ~H)y − iε0GyG0
T25 = − i
c
(~G× ~H)y − iDyG0
T33 = HzBz +DzEz − U − 1
2
ε0(~G
2 − 2G2z −G20)
T34 = − i
c
( ~E × ~H)z − iε0GzG0
T35 = − i
c
(~G× ~H)z − iDzG0
T44 = U − 1
2
ε0(~G
2 +G20)
T45 = ~D · ~G
T55 =
1
2
( ~H · ~B − ~D · ~E)− 1
2
ε0(G
2
0 − ~G2) (14)
where U denotes the electromagnetic field energy,
U =
1
2
( ~H · ~B + ~D · ~E) (15)
If the speed of the gravitomagnetic waves were assumed to be ac, where a =
const, the factor a2 would appear in front of G2 and G20 in these formulas.
We observe that the trace of the stress-energy tensor,
5∑
r=1
Trr =
1
2
( ~H · ~B − ~D · ~E)− 1
2
ε0(~G
2 −G20) = Λ (16)
is invariant under the (3 + 2)−dimensional rotations.
The form of the T44 component of the stress-energy tensor is of special inter-
est, since it determines the total field energy. In Eqs. (14), the densities of the
electromagnetic field energy and of the gravitomagnetic field energy appearing
in T44 have opposite signs. Consequently, it will appear that the ground-state
energies of the two fields cancel out.
For a real fifth coordinate, owing to the above indicated alterations in the
formulas, connected with the passage from (3+2 to (4+1) dimensions, namely,
i ~G → ~G and G0 → iG0, (the passage from imaginary to real x5−coordinate),
the two energy densities acquire the same sign. Consequently, the ground-state
energies of the two fields will not cancel out.
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3. The Quantization of Maxwell-Nordstro¨m Fields
We consider the stress-energy tensor in (3 + 2) dimensions in Eq. (14). Its
T44 component is identified with the total energy density W of the two fields,
W =
1
2
( ~H · ~B + ~D · ~E)− 1
2
ε0(~G
2 +G20) (17)
The density of field momentum connected with the electromagnetic and gravit-
omagnetic fields is determined by the Pointing vector [4],
~P =
1
c2
( ~E × ~H + ~G× ~H) (18)
We assume, as it was done in [4], that the vector potential ~A(~r, t, u) is equal to
the sum of two terms, one depending on time t and the other on time u,
~A(~r, t, u) = ~A1(~r, t) + ~A2(~r, u) (19)
In the vacuum we can assume that
A4 = 0, G
′
0 = const (20)
The last condition has a counterpart in fixing of the scalar field which appears
in the Kaluza-Klein theory, i.e. the Brans-Dicke field, in order to obtain Ein-
stein equations of general relativity and Maxwell equations (see [11]). We notice
that the conditions A4 = 0 and G
′
0 = const, imply the loss of covariance of the
five-potential ~A in Eq. (1) under the group SO(3, 2).
Assuming that the electric field in Eq. (3) depends on time t and the gravi-
tational field in Eq. (4) depends on time u, we obtain [4] from those equations
and from Eq. (19) the expressions
~E = −∂
~A1
∂t
, and ~G = −∂
~A2
∂u
, (21)
With ~H = µ−10
~B, where µ0 denotes the magnetic susceptibility of the vacuum,
with ~D = ε0 ~E and ~B = curl ~A, we obtain from Eq.(17) the expression for the
total energy density W in the form
W =
1
2
[ 1
µ0
(curl ~A)2 + ε0[(
∂ ~A1
∂t
)2 − (∂
~A2
∂u
)2]
]
, (22)
and from Eq. (18) the field momentum density ~P in the form
~P = − 1
c2
[∂ ~A1
∂t
+
∂ ~A2
∂u
]
× (curl ~A) (23)
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The total field energy and momentum is obtained from these expressions by
integrating over space.
We expand the vector potential in two series of which the first is connected
with the part of the vector potential depending on the time t, and the second
with the part of the vector potential depending on the time u,
~A = ~A1(t) + ~A2(u) =
√
µ0c2
V
{∑
~kµ
~u~kµ
(
a~kµe
i(~k·~r−ωt) + a∗~k,µe
−i(~k·~r−ωt)
)
+
∑
~q,ν
~v~qν
(
b~qνe
i(~q·~r−ω′u) + b∗~qνe
−i(~q·~r−ω′u)
}
= ~A∗ (24)
where ~k and ~q are the wave vectors of the electromagnetic and gravitomagnetic
fields, respectively, where a~k,µ and b~q,ν are linearily independent, complex am-
plitudes and where ∗ denotes the conjugate complex quantity. According to Eq.
(21), the unit vectors ~u~kµ and ~v~qν , determine the directions of the fields
~E and
~G, respectively. The indices µ, ν denote the states of transverse polarization.
The condition div ~A = 0, implies that
~uk,µ · ~k = 0, µ = 1, 2; ~vq,ν · ~q = 0, ν = 1, 2
~u~k1 · ~u~k2 = 0, ~v~q1 · ~v~k2 = 0 (25)
The conditions in Eq.(25) yield for each term under the two sums the expressions
which in turn lead for each term to the conditions
ω = kc, ω′ = qc (26)
We now will perform the consequtive quantization steps in the customary
way [1, 2]. In the energy density expression in Eq. (22), we firstly consider the
term curl ~A, which is proportional to the following expression,
curl ~A ∼ i
[
~ex(qyuz − qzuy)− ~ey(qxuz − qzux) + ~ez(qxuy − qyux)
]
(27)
We also have
~q × ~uq,λ = ~ex(qyuz − qzuy)− ~ey(qxuz − qzux) + ~ez(qxuy − qyux) (28)
Taking these two expressions into account we obtain
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curl ~A =
√
µ0c2
V
{∑
~k,µ
[
i(~k × ~u~k,µ)a~k,µei(
~k·~r−ωt) − i(~k × ~u~k,µ)a∗~k,µe
−i(~k·~r−ωt)
]
+
∑
~q,ν
[
i(~q × ~v~q,ν)b~q,νei(~q·~r−ω
′u) − i(~q × ~v~q,ν)b∗~q,νe−i(~q·~r−ω
′u)
]}
(29)
From (curl ~A)2, appearing in the energy expression, we therefore obtain the
expressions containing the following terms:
−(~k × ~uk,µ) · (~k′ × ~uk′,µ′) = (~k′ · ~k)(~uk′ · ~uk)− (~uk′ · ~k)(~k′ · ~uk) (30)
−(~k × ~uk,µ) · (~q ′ × ~vq′,ν′) = (~k · ~q ′)(~ukµ · ~vq′ν)− (~ukµ · ~q ′)(~k · ~vq′ν′) (31)
−(~q × ~v~qν) · (~k′ × ~u~k′µ′) = (~q · ~k′)(~v~qν · ~u~k′µ′)− (~v~qν × ~k′)(~q × ~u~k′µ′) (32)
−(~q × ~vqν) · (~q ′ × ~vq′ν′) = (~q ′ · ~q)(~vq′ν′ · ~vqν)− (~vq′ν′ · ~q)(~q ′ · ~vqν) (33)
It was shown in [4] that plane gravitomagnetic waves are transverse. For quan-
tization to be possible, the terms in Eqs. (31) and (32) have to disappear. We
consider the two situations: (1) The electromagnetic wave and the gravitomag-
netic wave move in the same direction, and the vector ~E of the electromagnetic
wave is perpendicular to the vector ~G of the gravitomagnetic wave. This means
that
~u~k′ · ~v~q = ~u~k · ~v~q′ = 0 (34)
(2) These two waves move in mutually perpendicular directions, and the field
vectors ~E and ~G are parallel. In both cases the terms in Eqs. (31) and (32)
disappear.
We next substitute the expansion of the vector potential in Eq. (18) into
the terms ∂ ~A1/∂t and ∂ ~A2/∂u in the energy expression in Eq. (22). We then
obtain for the electromagnetic terms the conditions,
−ω
2
c2
− (~k′ · ~k) = 0 when ~k′ = −~k
−ω
2
c2
− (~k′ · ~k) = −2ω
2
c2
δµµ′ when ~k
′ = ~k (35)
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and for the gravitomagnetic field the conditions,
ω′2
c2
− (~q ′ · ~q) = 2ω
′2
c2
δν′ν when ~q
′ = −~q
ω′2
c2
− (~q ′ · ~q) = 0 when ~q ′ = ~q (36)
Consequently, we obtain the total field energy in the form,
W =
∑
~k,µ
ω2(a~kµ a
∗
~kµ
+ a∗~kµ a~kµ)−
∑
~q,ν
ω′2(b~qν b
∗
~qν + b
∗
~qν b~qν) (37)
where the first term represents electromagnetic energy and the second term
represents gravitomagnetic energy. These two terms have opposite signs. For
a real fifth coordinate, both terms would have positive sign. This is a direct
consequence of the expression for the component T44 of the stress-energy tensor
in Eq. (14).
The total field momentum is calculated in an analogous way and we obtain,
~P =
∑
~k,µ
ω~k(a~kµ a
∗
~kµ
+ a∗~kµa~kµ) +
∑
~q,ν
ω′~q(b~qν b
∗
~qν + b
∗
~qν b~qν) (38)
The contributions to the total field momentum from both fields have the same
sign.
We now will quantize the classical electromagnetic and gravitomagnetic fields
by replacing the amplitudes a~kµ and b~qν and their complex conjugates by the
respectives operators and their Hermitian conjugates, in the form,
a~kµ → C~kα~kµ and a∗~kµ → C~kα
†
~kµ
(39)
b~qν → D~qβ~qν and b∗~qν → D~qβ†~qν (40)
with real normalization factors C~k and D~q. We then obtain the operators of
total field energy W and total field momentum P in the form,
W =
∑
~k,µ
ω2~kC
2
~k
(α~kµ α
†
~kµ
+ α†~kµ
α~kµ)−
∑
~q,ν
ω′2~q D
2
~q(β~qν β
†
~qν + β
†
~qν β~qν) (41)
and
P =
∑
~k,µ
ω~k
~k C2~k(α~kµ α
†
~kµ
+ α†~kµ α~kµ) +
∑
~q,ν
ω′~q ~q D
2
~q(β~qν β
†
~qν + β
†
~qν β~qν) (42)
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We assume the validity of the commutation relations,
α~kµ α
†
~kµ
− α†~kµ α~kµ = δ~k~k′δµµ′
β~qν β
†
~qν − β†~qν β~qν = δ~q~q′δνν′ (43)
and that all other combinations of these operators commute. We also write,
C~k =
√
h¯
2ωk
and D~q =
√
h¯
2ω′q
(44)
and the operators W and P then take the form,
W = 1
2
∑
~k,µ
h¯ωk(α~kµ α
†
~kµ
+ α†~kµ
α~kµ)−
1
2
∑
~q,ν
h¯ω′q(β~qν β
†
~qν + β
†
~qν β~qν) (45)
and
P =
∑
~k,µ
h¯ ~k(α~kµα
†
~kµ
+ α†~kµ α~kµ) +
∑
~q,ν
h¯ ~q(β~qν β
†
~qν + β
†
~qν β~qν) (46)
with the eigenvalues
W =
∑
~k,µ
h¯ω(N~k,µ +
1
2
)−
∑
~q,ν
h¯ω′(N~q,ν +
1
2
) (47)
and
P =
∑
~k,µ
h¯~k(N~k,µ +
1
2
) +
∑
~q,ν
h¯~q(N~q,ν +
1
2
) (48)
We are dealing with quanta of electromagnetic field and with quanta of the
hypothetical gravitomagnetic field.
From Eq. (47) it follows that the ground state energy of the system of
harmonic oscillators representing electromagnetic and gravitomagnetic field is
equal to zero.
4. The Spin of the Quanta of a Gravitomagnetic Field
To determine the spin of a quantum of a gravitomagnetic wave we follow the
argument in [12], adapted for the present case. In the vacuum we have, [4],
div ~B(~r, u) = 0,
div ~G(~r, u) = 0,
curlG(~r, u) = −∂
~B(~r, u)
∂u
(49)
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We define the vector
~F =
1√
2
(~G+ ic ~B) (50)
From Eqs. (49) and (50), we then find that
div ~F = 0,
i∂u ~F = c curl ~F (51)
With εlmn denoting the Levi-Civita tensor, we rewrite the last equation in the
form
i∂uFl = cεlmn∂mFn (52)
Introducing the angular momentum matrices,
s1 = i

 0 0 00 0 1
0 −1 0

 , s2 = i

 0 0 −10 0 0
1 0 0


s3 = i

 0 1 0−1 0 0
0 0 0

 (53)
with ∂m =
i
h¯
pm, we can rewrite Eq.(52) in the form
−c(sm)lnpmFn = ih¯∂uFl (54)
or in the form
−c(~s · ~p)lnFn = ih¯∂uFl (55)
which can be interpreted as the Schro¨dinger equation for the quantum of the
gravitomagnetic field, with the Hamiltonian,
−c(~s · ~p) = H (56)
while ~F in Eq.(50) is the wave function.
The condition div ~F = 0 can be rewritten in the form
~p · ~F = 0 (57)
We now verify that the Schro¨dinger equation in Eq.(55) has a plane wave solu-
tion
~F (~r, u) = ~f~qe
i~q·~r−ω′u) (58)
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where ~f~q is represented by the column matrix
~f~q =

 fxfy
fz

 (59)
Introducing into Eq.(55) the matrices sl in Eq. (53) we obtain the equations
ω′fx + icqzfy − icqyfz = 0
−icqzfx + ω′fy + icqyfz = 0
icqyfx − icqxfy + ω′fz = 0 (60)
which have nonzero solutions when
(ω′)2 = c2 q2 (61)
There follows the conclusion that we are dealing with the spin-one quantum, of
the gravitomagnetic field.
5. Conclusions
The notion of a second time variable is not alien to physics. A brief review
of papers in which the second time variable is considered was given in [4]. In
a Kaluza-Klein theory with two times, the Schwarzschild type solution of the
five-dimensional Einstein equations in the vacuum was determined in [8, 9]. The
two independent parameters of that solution are related with mass and electric
charge, respectively. That solution exhibits a Schwarzschild radius, whose mag-
nitude is predominantly determined by the electric charge. It was shown that
the perihelic motion of a test particle in four-dimensional relativity has a coun-
terpart in five dimensions in the perinucleic motion of a negatively-charged test
particle. With the quantization conditions of the older quantum theory included
into the five-dimensional geometry, the perinucleic motion of an electron leads
to the fine structure of line spectra which is analogous to that determined by
Sommerfeld’s formula for hydrogen-like atoms.
The Maxwell-Nordstro¨m equations were rederived in [3, 4] from the field ten-
sor implied by the iterated form of a five-dimensional Dirac equation [5, 6, 7].
From the Maxwell-Nordstro¨m equations with two times there follows the ex-
istence of hypothetical gravitomagnetic phenomena, together with the electro-
magnetic phenomena. In particular, plane gravitomagnetic waves with a trans-
verse polarization are implied by those equations [4].
In this paper the quantization of the classical electromagnetic and grav-
itomagnetic fields has lead to the conclusion that in (3 + 2) dimensions, the
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ground-state energies of electromagnetic and gravitomagnetic fields in the vac-
uum cancel out. It has been shown that the quanta of the hypothetical gravit-
omagnetic field have spin 1.
The idea that a remedy for the infinite energy of the ground state of the
quantized electromagnetic field may be sought in finding another energy which
will cancel that infinity out, was expressed by Wesson [14]. It seems that we are
dealing with such a case.
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